Abstract. The q-electroweak theory suggests a description of elementary particles as solitons labelled by the irreducible representations of SU q (2). Since knots may also be labelled by the irreducible representations of SU q (2), we study a model of elementary particles based on a one-to-one correspondence between the four families of Fermions (leptons, neutrinos, (-1/3) quarks, (2/3) quarks) and the four simplest knots (trefoils). In this model the three particles of each family are identified with the ground and first two excited states of their common trefoil. Guided by the standard electroweak theory we calculate conditions restricting the masses of the fermions and the interactions between them.
Introduction.
We continue to investigate the possibility of describing the elementary fermions as knotted solitons.
1 These knots may be understood either as simply symbols (labels of particles) or as real physical structures such as knotted flux tubes. To relate the simplest particles to the simplest knots, we represent each of the 4 families of elementary fermions by a separate soliton labelled by one of the 4 possible trefoils, e.g. the family e, µ, τ is represented by a single trefoil, while the e, µ, and τ particles are separately identified as different states of excitation of their common trefoil. In this paper we attempt to calculate interactions between these q-fermions mediated by the q-gauge vector, or alternatively to determine the q-currents.
2 The Origin of the Knots.
Our work is based on the possibility that SU q (2) is an effective phenomenological symmetry.
If it is, the symmetry group of the standard electroweak theory may be regarded as a degenerate form of SU q (2) . The linearized form of the theory based on the q-symmetry is indeed in approximate agreement with the standard theory in lowest order.
2
To go beyond the linearization one may expand the quantum fields in irreducible representations (D j mm ′ (q|a,ā, b,b)) of SU q (2) where the arguments (a,ā, b,b) obey the algebra of SU q (2) . Then the normal modes, besides describing states of momentum and spin, will also contain factors D j mm ′ (q|a,ā, b,b). These are polynomials in the non-commuting arguments (a,ā, b,b) with eigenstates |n . Since the different normal modes therefore have internal excited states, they may be described as solitons (q-solitons) rather than as point particles.
A class of these normal modes may be related to knots and labelled by D where (N, w, r) mean the number of crossings, the writhe, and the rotation of the knot. 1 (To correctly represent a knot the three integers (N, w, r) must satisfy certain knot constraints, e.g. w and r must be of opposite parity.)
3 Representation of the Elementary Particles.
We now propose that the elementary particles may be usefully labelled by the irreducible representations of SU q (2) The assignment of w and r to the 4 families is discussed in paragraph 6 and in Ref. 1 .
In the preceding table we have assumed the following relations between conventional (point particle) labels and knot (soliton) labels for the elementary fermions. These relations between (t, t 3 , Q) and (N, w, r) define a knot model. These linear relations satisfy (3.3). This trial knot model then establishes a unique match between the elementary fermion families and the trefoils.
Other Knots.
Since the trefoils characterized by (N = 3, w = ±3, r = ±2) are the simplest knots, they have been chosen to represent the simplest particles: the leptons and quarks. One may obtain higher knots by forming a connected sum of trefoils: These higher knots may be Table 1 .
In this scheme negative charge corresponds to counter-clockwise rotation. Then r is positive for both e − and W − . Note that D
The linear relations between the quantum numbers (t, t 3 , Q) and the knot integers (N, w, r) are shown in Table 2 . 
We have assumed that the number of intersections is (even, odd) for (bosonic, fermionic) knots. Although the number of intersections for W 0 and W 3 separately is 7, this does not violate the (even, odd) rule for the physical fields since A and Z are linear combinations of W 0 and W 3 . Hence the A and Z field quanta, being composite knots with 14 intersections, obey the (even, odd) rule. In Table 2 we have arranged the relation between the isotopic spin and knot labels so that all the di-trefoils lie in the same SU q (2) multiplet.
6 Masses of Fermions.
1
We follow the standard theory in assuming that the masses of the fermions depend on the Higgs field (ϕ) at the minima in the Higgs potential. The mass operator in the Hamiltonian density is then taken to be
Since ψ R is a singlet in the standard theory we assume that it is also a singlet in the SU q (2) theory. Then
Now replace the fields ψ L and ϕ by their normal modes that represent trefoils. We have been assuming that all fields including the Higgs field and therefore the Higgs potential lie in the q-algebra. Let the Higgs potential be chosen so that its minima lie at the trefoil points. The Higgs field at these points is then
To accommodate the 4 families one needs 4 minima in the Higgs potential. These minima may be labelled by the magnitudes of the Higgs field ϕ and by the associated Higgs trefoils.
The mass scale of each family is determined by ϕ at the minimum for that family, and the trefoil for that family must agree with the trefoil for ϕ. With this understanding, Eq. (6.6) implies m n (w, r) = ρ(w, r) n|D
where m n (w, r) is the mass of the (w, r) soliton at the n th level. The different mass spectra corresponding to the different solitons are by Ref. (1) or by (6.7), and (8.1) and (8.3) as follows:
Since all masses m n (w, r), within a single spectrum are proportional to ρ(w, r)∆(w, r), one may compute ratios of these masses without ambiguity. In calculating these ratios we assume that only the three lowest states of each soliton are occupied. Set
There is an equation for both M and m in each spectrum I-IV. These two equations may be rewritten for q and |β| 2 as follows:
The empirical input depends on the masses of the elementary fermions. These are well determined for the leptons (e, µ, τ ), but for the quarks they are not even well defined.
Since the quarks do not exist as free particles, the quoted masses depend on the theoretical procedure for defining them. There is then a range of "masses" given by the Particle Data Group. One may try to match the four familiies (1)- (4) shown in (6.11) with the four spectra (I-IV) shown in (6.8). It is clear that none of the three families (1), (2), (3) match (IV).
Therefore we assign (IV) to the neutrino family. Next write (6.10a)-(6.10c) as algebraic equations in q 2 and assign the equation of lowest degree to the lepton family (since the leptons do not have hypercharge or gluon charge. 1 ) Then if we assign the I, II, and III spectra to (e, µ, τ ), (d, s, b) and (u, c, t) respectively, we find that the roots of (6.10a)-(6.10c)
where q is closest to unity are (eµτ ) q = 1.46 |β| = 3.20 (6.13) (dsb) q = 1.76 |β| = 3.35 (6.14)
(uct) q = 2.14 |β| = 1.07 (6.15)
It also turns out that any other match is also good, i.e., if q = q(M, m, w, r), then it is found that q depends mainly on M and m, and is nearly independent of w and r. We shall not, however, represent each of the three fermion families as a linear combination of the three trefoils, since they are topologically distinct, and consequently there is a topological obstruction to any dynamical transition between any two of them. , where (w, r) characterizes the trefoil.
To match the families with the trefoils in a unique way, we tentatively postulate the knot model described by (3.4).
Higher knots designated by D
with the same (w, r) and N > 3 are topologically equivalent and can therefore dynamically decay to trefoils. Moreover, if the dynamics requires that lower N, as well as lower n, implies lower energy, then only the trefoil solitons will be stable and recognizable as particles. (The topologically equivalent but dynamically unstable higher knots differ from the trefoils by a connected sum of curls.)
Eqs. (6.8a) through (6.8d) are of the form m n (w, r) = ρ(w, r)F (w, r; n, q, β) (6.16) By (6.13), (6.14), (6.15) one sees that F (w, r; n, q, β) is negative in (6.8a) and (6.8b), but it is positive in (6.8c) and (6.8d). Therefore the first two minima (ρ(3, 2), ρ(3, −2)), must be negative while ρ(−3, −2) and ρ(−3, 2) must be positive to ensure that all masses m n (w, r)
are positive.
The magnitude of ρ(w, r) sets the energy scale and differs for each family. The choice of ρ(w, r) and F (w, r; n, q, β) for each family is determined by the knot model, i.e. by the postulated linear relation between (t 3 , Q) and (w, r) in (3.3) or (3.4), as well as by the postulated relation between knots and the irreducible representations of SU q (2), namely
The value of q depends only weakly on (w, r) in F (w, r; n, q, β) but it does depend strongly on β and m n (w, r). The parameter q therefore behaves like a running coupling constant, where β and m n (w, r) fix the energy scale.
We may interpret the numerical value of q as a measure of the influence of the fields that play a role in the determination of the fermionic masses and that are excluded from the standard electroweak theory. Consistent with this view, q is not far from unity; and the lepton family, having no gluon charge, has a q value closer to unity than the quark families.
We have assumed that the three observed particles of each family occupy the 3 lowest states of the soliton representing that family. The model also permits higher excited states but if these lie at very high energies, they may have such short lifetimes that they would not be observable as particles. The tentative assignment that we have assumed in (3.3) leads to a fourth generation of (-1/3 quarks) at 30m b ∼ 144 GeV and a fourth generation of (2/3 quarks) at 100m t ∼ 17, 600 GeV. The corresponding fourth generation lepton would appear at 12m τ ∼ = 21.3 GeV but is excluded by the known decays of the Z 0 .
7 If the assignments of dsb and uct are interchanged so that dsb corresponds to III and uct to II then the fourth generation would appear at 30.4m b and 102m t . If a fourth generation should be observed then a unique assignment of the (dsb) and (uct) families to trefoils could be put on an empirical basis. In any case further refinements of the model would depend on whether any or none of the fourth generation particles is observed. The predicted neutrino spectrum is a further test of the model. The neutrino data are very sparse, but are compatible with q ∼ = 1, leading by (6.8d) to a geometric hierarchy of nearly equal masses. 7 Interactions Mediated by a Vector Field.
We are next interested in interactions that stem from the gauge invariant terms
where ∇ / = γ µ ∇ µ is the gauge covariant derivative. This term gives rise tō
where
When ψ and W are expanded in absorption and emission operators, the normal modes will specify momentum, spin and species of soliton; in more detail it will specify the internal state of the soliton. To describe the interaction between fermions mediated by a vector particle one replaces the field operators by normal modes. Schematicallȳ
and |i is an "internal" state, like a spin state. Here α runs over the 4 kinds of trefoils, i.e., α fixes (w, r) while |i labels the particle and the level of the trefoil spectrum. Hencē
where we have abstracted just the part of the matrix element that depends on the q-algebra.
In (7.6) W is to be replaced by a normal mode or by a linear combination of normal modes. Lacking a firm a priori basis, this choice must be determined by empirical data. The problem here is similar to that faced in the earlier days of weak interaction theory where various linear combinations of the five fundamental forms were proposed before the decisive experiment requiring V-A was performed. Here we shall be guided on the one hand by the di-trefoil construction ( Fig. 2 ) and on the other by the experimental requirement that each lepton be pair produced with only its "own" neutrino (lepton conservation) as well as by the additional restriction usually expressed as the universal Fermi interaction.
To satisfy these requirements we have made the following choices:
Line (a) is chosen so that there is no change in level between initial and final states and therefore the usual fermion pairs are produced by W .
Line (b) is a relabelling of line (a) in terms of the knot signature (N, w, r) according to Tables 1 and 2 . A more general possibility is
Since we are interested mainly in relative rates in this paper, we shall usually not be con- 8 The "Internal" Modes.
To evaluate (7.6) one expresses the irreducible representations of SU q (2) as follows:
The special cases (3.3) and (7.7a) when written out according to (8.1) are
To pass from particle to anti-particle we propose to take not only the usual charge conjugation operator, but in addition to take the q-conjugate as well. The q-antifermions are represented by the adjoint symbols, e.g., the (ēμτ ) family is represented byā 3 .
where ∆ 3 30
Note that flavor changing neutral currents are absolutely forbidden. Note also that
In reducing (7.6) the following relations are useful:
In the following we shall determine the dependence of the matrix elements on the qalgebra.
9 Lepton-Neutrino Couplings.
The matrix element for the absorption of al(j) and the emission of aν(i) is by (8.4) and (8.5)
where the double bar signifies an antiparticle in the final state and where by (8.8) and (8.13)
The ratio of matrix elements at level (n + 1) to those at level (n) is
The Eqs. (9.7) may be rewritten as two equations for |β| 2 , namely:
By eliminating |β| 2 one finds
where 2 x and 4 x are basic numbers n x = one would find solutions of (9.9) differing from but close to unity.
If q is exactly unity, then |β| = 
The matrix element for this reaction is 
where f (n) is given by (9.5). Then
is the ratio of the matrix elements for the two charge conjugate reactions (9.1) and (9.13), up to the factor C + (q, β)/C − (q, β).
Since R is empirically very close to unity, (9.15) suggests that q is again very close to unity. Hence the charge conjugate symmetry as well as the universality of the Fermi interaction both imply that q is near unity in the interaction of leptons and neutrinos.
Therefore we conclude that the additional degrees of freedom associated with masses of the leptons and neutrinos are not excited in their pair production. These last remarks depend on the choice of C + (q, β) and C − (q, β) that in turn are restricted by the relative masses of the vectors to be discussed later.
We may take the view that the internal SU q (2) algebra is an effective deformation of SU(2) that depends on the background: in the case of the soliton spectra the deviations of q from unity are relatively large but in the case of lepton-neutrino interactions, these deviations are suppressed, just as they would be if we were dealing with point particles rather than solitons, i.e. as if a weak charge were concentrated at the center of an approximately spherically symmetric soliton.
10 Charge Changing Quark Couplings.
We first consider
is any quark of charge -1/3 and Q i, 2 3 is any quark of charge 2/3.
The matrix element for this process is by (8.4) and (8.5)
and where
where f (n) is defined by (9.5).
The ratio of matrix elements at level n + 1 to those at level n is by (10.4)
In particular
Then by (10.6) 
Since the diagonal elements of the Kobayashi-Maskawa matrix are not quite equal however (i.e. not strictly independent of n), Eq. (10.12a) is not exactly satisfied so that q and |β| must differ slightly from (10.12b).
Let us next consider processes mediated by W − :
For this reaction (7.6) becomes
Then the matrix element (10.14) is by (10.15)
This matrix element covers the following cases:
In particular we have by (10.17) with n i = 0
The ratio of matrix elements for the two reactions (10.4) and (10.17) is 
The Kobayashi-Maskawa Matrix.
We want to compare the ratios calculated here with the Kobayashi-Maskawa matrix, namely: 
To include these forbidden processes as well we may replace D so that these modified forms may be written as
)D The assumptions (11.4) and (11.5) still forbid
as required by the approximate Kobayashi-Maskawa matrix.
We would expect the justification for modifying (7.8) by (11.4) and (11.5) for quarks to be found only in a refinement of the simple knot model described here. A similar modification of (7.8) for the lepton-neutrino system is forbidden by lepton conservation.
According to (11.4) the matrix element for the process:
(11.10)
Then by (8.10)
The corresponding matrix element for
(11.13) by (8.1) and (8.4). Then by (9.5)
(11.14)
By (11.11) and the preceding equation
Since the corresponding ratio in the Kobayashi-Maskawa matrix is very close to unity, Eq.
(11.15) again implies
One also finds by (10.4) and (11.14)
(11.17) By (11.15)
(11.18) if we set q ∼ = 1 according to (11.16).
From the Kobayashi-Maskawa matrix we have We next compare with the small Kobayashi-Maskawa entry (cb)
(11.21)
where (11.21) may be reduced as follows:
(11.23) By (10.4) and the preceding equation
(11.24)
By comparing with the Kobayashi-Maskawa matrix one has
If one sets q = 1 as in the previous case, one finds:
The approximate solution for this case is then (q, β) ∼ = (1.00, .998).
Finally the (ts) element according to our model is If q = 1, the matrix elements, (ts) and (cb), are equal. The vanishing (ts) entry in the KM matrix may be compatible with (11.29) and the small (cb) value already computed.
The (ub) and (dt) matrix elements vanish for (11.4) and (11.5) and also in the approximate KM matrix (11.1).
We have ignored the phase factors appearing in the empirical matrix elements as well as the phase factors stemming from λ n and µ n (Eqs. (8.10) and (8.11)) and therefore appearing in the computed matrix elements as well. The results of this section are summarized in Table   3 . Table 3 .
Results of Comparing with K.M. Matrix (without Cabibbo-GIM Angles).

Ratio of Matrix Elements
Compare with (q = 1, |β| = .707) for lepton-neutrino production.
In comparing with the KM matrix we have found that (q, β) remain stable and close to unity.
12 Neutral Couplings.
Lepton-Lepton Interactions.
(a) Mediated by W 3 :
The matrix element for
is by (8.2), (8.3), and (8.4)
is by (8.2), (8.3), and (8.5)
where by (8.6)
Then the ratio of the W 3 to the W 0 matrix elements is 
Since we carry over the Weinberg-Salam relation between (W 3 , W 0 ) and (A, Z), we have
Neutrino-Neutrino Interactions. 
The ratio of these matrix elements is 
The matrix elements for A and Z are
Since n|A|n must vanish for neutrinos one demands
For the neutrino family we set β = i|β|, since we take tan θ positive.
The requirement (12.12) is equivalent to the requirement of standard theory that the photon interacts only with electric charge and not at all with hypercharge. Eq. (12.13)
states that tan θ is so chosen that W 3 and W 0 are mixed so that the photon has no role in the weak interactions.
Then
= tan θ (12.14)
One requires that the Weinberg angle be independent of n. Then q = 1 and
(12.15)
13 Charge-Retention Interactions for Quarks.
We consider first the couplings of the (dsb) family to W 3 and W 0 .
The matrix element for (13.1) is
with the following matrix element:
Then the ratio of the W 3 to the W 0 matrix elements is and we also have
We next consider the corresponding couplings of the uct-family The matrix elements are
Then the ratio of the W 3 to the W 0 matrix elements is
and the A and Z matrix elements are
14 Decays of the Z 0 .
Decays of the Z 0 into Leptons.
The rates of these decays are described by One finds
n + 1|ā 3 a 3 |n + 1 n|ā 3 a 3 |n (14.7) If q = 1, then by (14.7) a n+1 a n 2 = 1 (14.8)
and by (14.3)
The measured rates are
Γ(e + e − ) = 1.0009 (14.11)
Γ(e + e − ) = 1.0019 (14.12)
The measured rates are thus compatible with q ∼ = 1.
Decay of Z 0 into Neutrinos.
We now have Pair Production of (2/3) Quarks.
In this case
The relevant matrix element is Let
(14.26) By (13.7) and (13.12) 
(1, .727)
(1, .750) (14.31)
In these tests the value of q is simply assigned: q = 1. Although a closer fit is possible if q is allowed to vary, one already sees that β is stable.
Relative Production of Lepton Pairs by A and Z.
By (12.4) and (12.5)
where |n is any lepton state and
(14.33) sinceβ = β for lepton states.
By (12.14) 15 Covariant Derivative of Neutral States.
We are replacing the standard SU(2) L × U(1) theory by a knot theory based on SU q (2) L alone, i.e. we are assuming that the roles of charge and hypercharge in the standard theory can be carried by SU q (2) alone.
The transition from SU(2) × U(1) to SU q (2) may be partially described as follows:
where the C τ (τ = 0, 3, −, +) are functions of q and β. Hereĝ is the coupling constant of the SU q (2) theory while g and g ′ are the usual coupling constants of the SU(2) × U(1) model.
The neutral couplings in the knot theory are then described bŷ and by (15.5)
The complete covariant derivative on a neutrino state, or any neutral state, is then by (15.1), (15.3), (15.6) and (15.9)
(15.10)
In addition
tan θ (15.11) by (15.7).
Kinetic Energy of Neutral Higgs Scalar and Vector
Masses. The mass relations between the neutral and charged vectors that follow from (16.7) are the same as for the standard theory. In order that the vertex functions be consistent with these relations, the vertex factors must be supplied with the (C − , C + , C 3 , C 0 ) given by (16.9).
17 Discussion.
We have been able to organize a class of data relevant to, but also not accessible from the standard theory. Although this model does not permit one to calculate absolute masses and reaction rates, it does provide a simple frame that describes fermionic spectra and reaction rates, and emerges quite naturally from the q-electroweak theory. The model may be finetuned and may be useful as a phenomenological model. To go further at a deeper level, one must be able to construct an effective field theory.
The relation of the knot model based on q-electroweak to standard electroweak resembles the relation of the Schrödinger to the Hamilton-Jacobi equation insofar as one adjoins in both cases a state space not present in the original description. Like the wave equation, the knot model may be applied in a variety of contexts. When the Schrödinger equation is applied to a single atom, or to molecules or other systems of arbitrary complexity, it has to be modified by changing the appropriate parameters. In hydrogenic systems, for example, the wave equation is applied with differing values of Z and m. When the q-knot model is similarly applied to answer quite different questions, such as the masses of the fermions or reaction rates among them, it also has to be appropriately modified by choosing different values of q and β. In every case the same algebra is used just as in every case the same wave equation is used.
We have computed only relative masses and relative rates. Given this restriction we find that q and β differ markedly from unity in the expressions for the mass ratios but are very close to unity in the corresponding expressions for relative rates.
If one regards SU q (2) as a fundamental symmetry, it may be possible to regard q as a new constant with a single value that comes out differently in different contexts where external influences such as the gluon field have been ignored. Alternatively, q may be regarded as a running coupling constant, where β and m n (w, r) determine the energy scale.
The model in its present form predicts a fourth generation of fermions as well as a neutrino mass spectrum. In applications to fermionic mass spectra the parameters of the model (q and β) have been fixed by two data (M, m). If a fourth generation is found or not found in the neighborhood predicted by the model, then the model can be refined.
In the standard theory, and therefore here as well, there is no attempt to go beyond a provisional expression (ψϕψ) for the fermionic masses, i.e.ψϕψ could just as well be replaced byψ F (ϕ)ψ. There is no difficulty in cutting off the mass spectrum at three generations without changing the essential structure of the model.
The neutrino mass spectrum is also a strong constraint on the model; at present the data on this spectrum are compatible with q ∼ = 1. In applications to fermionic currents, both in the lepton-neutrino sector and in the Kobayashi-Maskawa sector, the data are compatible with q ∼ = 1.
The form of the vector coupling is restricted in the lepton sector by lepton conservation and by the Universal Fermi Interaction. In the quark sector it is restricted by the KobayashiMaskawa matrix. All of these restrictions can be satisfied approximately by the simple model described in this paper, but the model can be refined as more empirical input is utilized.
Since gluon and gravitational couplings are not explicitly included, one may tentatively regard the deviation of q from unity as a measure of their influence.
